
Definition (Reflexive Space)

Let X be a normed space
and 2 : X + X

**

be the

canorial
map , i .e., &x(**) = X

*
X)

.

X is called

reflexiveif & is subjective.

Rank : (i) & is an isometry
(i) & is surjective => X = X

**

(iii) X = X***) & is surjective

Proposition (Three-space property)

Let M be a closed subspace of X. If M and X/M

are reflexive
,
so is X.

Proof : Let i: X + X/M be the natural projection,

ex : X -> X **, &m :M+M**, &xm : X /M+ (X/m
**

the canonical
maps.

Goal : For any 4-X**, find an xEX such

that &x(x) = 4.



Since T
*
(4) E(X/M)

**
and &x is surjective,

there exists some xoEX such that &xM(X0+M)=
**

(4)

Then**(4)(**) = &xM(o +M)(*)=* (Xo+M) for

all ** E(X(M)*

Note that **(4) (** ) = ↑ (****) = 4(*)
and **(X0 +M) = ** (M(x0))=*on (Xo) = &x(xd)( **om) .

Thus 4(**) = Rx(x0) ( **oi) for all* E)X/MI*

Then 4 = &x(X0) on Mt where

M+: = ker(m) = [ *X*: **(M) = 0

= ( **om:* - (/M(
* )

Therefore
,
4-Rx(xol = 0 on Mt

,
i . e.,

+ - 2x(x) is well-defined on X
*/Mt.

Recall restriction : X
*
/M
+
-> MX

is an isomorphic isometry (See Lemma 5
. 8)

Then (4-2x(x01) or"EM**
Since M* is reflexive

,
there exists MoEM such

that (4-2x(x))or" = Rxx(mo).



Thus 4-RX(x) = Axmimol or on X */Mt·

For any x
*
EX*, x*+ M+ E X*/Mt.

Then 4(x* - 2x(x)( x*) = (4 - Rx(x0))(X* )
= &xx(mo)(x*(m)
= x*m)mo
= x

*
(mo)

= &x(mo)(x* )

Therefore
, ↑(x*) = 2x(otmol (x*) for all

* EX*

Heure
, 4 = &x(xo +Mo).
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